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^ ■ Abstract 

X) , 

D Given locally compact quantum groups Gi and G2, we show that if the convolution al- 

gebras L^(Gi) and L^(G2) are isometrically isomorphic as algebras, then Gi is isomorphic 
. either to G2 or the commutant G2. Furthermore, given an isometric algebra isomorphism 

9 : L^(G2) — 7- L^(Gi), the adjoint is a *-isomorphism between L°°(Gi) and either L°°(G2) or 
^ its commutant, composed with a twist given by a member of the intrinsic group of L°°{G2)- 

■ This extends known results for Kac algebras (although our proofs are somewhat different) 

, which in turn generalised classical results of Wendel and Walter. We show that the same re- 

' suit holds for isometric algebra homomorphisms between quantum measure algebras (either 

' reduced or universal). We make some remarks about the intrinsic groups of the enveloping 

von Neumann algebras of C*-algebraic quantum groups. 

MSG classification: 16T20, 20G42, 22D99, 46L89, 81R50 (Primary); 46L07, 46L10, 46L51 
(Secondary). 
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O '• 1 Introduction 
in 

O ' Locally compact quantum groups generalise Kac algebras, and form an abstract generalisation of 
Pontryagin duality. For a locally compact quantum group G, we shall write L°°{G) for the von 
Neumann algebraic quantum group, and Co(G) for the (reduced) C*-algebraic quantum group. As 
one can move between these algebras, we tend to view them as representing the same object G. 
Let L^{G) be the "quantum convolution algebra", which is the predual of L°°(G), made into a 
Banach algebra by using the coproduct. We can alternatively identify L^(G) as a certain closed 
ideal in Co(G)*. Notice that even in the classical case, where G is even an abelian locally compact 
group, the algebra L^{G) does not determine G, as if G is finite, then L^{G) is isomorphic to C{G), 
the continuous functions on the dual group G, and so L^{G) is isomorphic to L}{H) if and only if 
G and H are of the same cardinality. 

However, Wendel's theorem [25] shows that if we take the norm into account, then L^{G) com- 
pletely determines G. To be precise, if 9 : L^{G2) — )• L^{Gi) is an isometric algebra isomorphism, 
then there is a character % on Gi, a positive constant c > 0, and a continuous group homomor- 
phism a : Gi — i- 6*2 such that 9{f){s) = cx{s)f{a{s)) almost everywhere for s G Gi. The constant 
c simply reflects the fact that the Haar measure is only unique up to a constant. This was gener- 
alised to Fourier algebras by Walter, [2l]: here notice that A{G) and A{G°^) are also isometrically 
isomorphic, where G°p is the opposite group to G, and indeed Walter's theorem shows (amongst 
other things) that ^(Gi) and A[G2) are isometrically isomorphic if and only if Gi is isomorphic 
to either G2 or G2''. 
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The Kac algebra case was shown by De Canniere, Enock and Schwartz in [5] (see also [6]). The 
proof in the Kac algebra case uses that the antipode is bounded, which is no longer true in the 
locally compact quantum group case. We instead use a characterisation of the unitary antipode 
through the Haar weight (see [T3| Proposition 5.20] and Section [3.11 below). The intuitive idea 
is to show that an isometric algebra isomorphism must intertwine the unitary antipode, although 
our actual argument is slightly indirect. 

Our principle result is that when 6 : L^(G2) — J- L^(Gi) is an isometric algebra isomorphism, 
then there is u, a member of the intrinsic group of L°°(G2), such that x i— t- 6*{x)u is either a 
♦-isomorphism, or an anti-*-isomorphism, from L°°(Gi) to L°°(G2). We briefly study the intrinsic 
group, and prove that it coincides with the collection of characters of L^(G2), as we expect from 
Wendel's Theorem. An anti-*-isomorphism to L°°(G2) can be converted to a ^-isomorphism to 
the commutant L°°(G2)' by composing with x t— Jx*J] the possibility of an anti-*-isomorphism 
occurring can of course already be seen in Walter's Theorem. In particular, if L^(Gi) and L^(G2) 
are iso metrically isomorphic, then Gi is isomorphic to either G2 or G2. We can easily remove 
the possibility of G2 occurring by restricting to completely isometric (or even just completely 
contractive) isomorphisms between L^(Gi) and L^(G2), see Section [5751 

Having established the result for algebras, we can prove similar results for quantum measure 
algebras- for example, for isometric algebra isomorphisms between the dual spaces Co(G2)* and 
Co(Gi)*. Indeed, we work with some generality, and look at C*-bialgebras {A, A) which admit a 
surjection tv : A ^ C'o(G) which intertwines the coproduct, and such that tt* identifies L^(G) as an 
ideal in A*. This includes the reduced and universal C*-algebraic quantum groups associated with 
G. As in the Kac algebra case, we use order properties of A** to determine L^(G) inside A*. Our 
characterisation of such isometric isomorphisms involves the intrinsic group of A**, but we show 
that this is always canonically isomorphic to the intrinsic group of L°°(G). We finish to showing 
how, in some sense, the picture becomes clearer by embedding everything into L°°(G), and here 
the interaction between multipliers and the antipode becomes important (compare with [3]). 

1.1 Acknowledgements 

The second named author would like to acknowledge the financial support of the Marsden Fund 
(the Royal Society of New Zealand). 

2 Locally compact quantum groups 

We give a quick overview of the theory of locally compact quantum groups. For readable intro- 
ductions, see [12] or ^T\. Our main reference is [13], which is a self-contained account of the 
C*-algebraic approach to locally compact quantum groups. We shall however mainly work with 
von Neumann algebras, for which see [13] . However, this paper is not self-contained, and should be 
read in conjunction with [M]. Indeed, in a number of places, we shall reference [H], where really 
we need the obvious von Neumann algebraic version of the required result. See also [I6] and [23] 
for the C*-algebraic and von Neumann algebraic approaches, respectively. 

A Hopf-von Neumann algebra is a pair (M, A) where M is a von Neumann algebra and A : 
M — )■ M®M is a unital norm *-homomorphism which is coassociative: [l ® A)A = (A (8) i)A. 
Then A induces a Banach algebra product on the predual M^,. We shall write the product in M* 
by juxtaposition, so 

{x,ujuj') = {A{x),u}®uj') {x e M,uj,u' e MJ. 
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Similarly, the module actions of M on M^, will be denoted by juxtaposition. 

Recall the notion of a normal semi-finite faithful weight on M (see [201 Chapter VII] for 
example). We let 

n^p = {x E M : Lp{x*x) < oo}, = \m{x*y : x,y E n^}, = {x G : Lp{x) < oo}. 

Then is a hereditary *-subalgebra of M, is a left ideal, and m+ is indeed fl m^. We 
can perform the GNS construction for ip, which leads to a Hilbert space H, a dense range map 
A : — )■ i/ and a unital normal ^-representation vr : M — )■ B{H) with 7^{x)A{y) = A{xy). In 
future, we shall tend to suppress tt. Then A(n^ fl n* ) is full left Hilbert algebra, and this contains 
a maximal Tomita algebra (see [201 Section 2, Chapter VI]); denote by 7^ C n n* the inverse 
image under A of this maximal Tomita algebra. Tomita- Takesaki theory gives us the modular 
conjugation J and the modular automorphism group {(Jt)- Then 7^ is a *-algebra, dense in M for 
the cr-weak topology, all of whose elements are analytic for {at). 

A von Neumann algebraic quantum group is a Hopf-von Neumann algebra {M, A) together 
with faithful normal semifinite weights (f, ip which are left and right invariant, respectively. This 
means that 

ip{{uj®i)/A{x)) =ip{x){l,uj), ij{{L^u)A{y)) =^{y){l,u) {u e M+ ,x e m+,y e m+). 

Using these weights, we can construct an antipode S, which will in general be unbounded. Then 

5 has a decomposition S = RT_i/2, where R is the unitary antipode, and (r^) is the scaling group. 
The unitary antipode i? is a normal anti-*-automorphism of M, and AR = a{R ^ R)A, where 
a : M®M — M®M is the tensor swap map. As R is normal, it drops to an isometric linear 
map i?* : M* — )■ M,,,, which is anti- multiplicative. As usual, we make the canonical choice that 
(p = if) o R. 

Let H be the GNS space of 9?, and \et A : ^ H be the GNS map. There is a unitary VF, 
the fundamental unitary, acting on H ® H (the Hilbert space tensor product) such that A(x) = 
W*{l®x)W for X G M. The left-regular representation of M^, is the map A : w 1— )■ {u®l){W). This 
is a homomorphism, and the cr-weak closure of \{M^) is a von Neumann algebra M. We define a 
coproduct A on M by A{x) = W*{1® x)W , where W = SVF*S (here T, : H <S> H H ig) H is the 
swap map). Then we can find invariant weights to turn (M, A) into a locally compact quantum 

group- the dual group to M. We have the biduality theorem that M = M canonically. 

As is becoming common, we shall write G for the abstract "object" to be thought of as a 
locally compact quantum group. We then write L°°(G) for M, L^{G) for M*, and L^(G) for H. 
In this paper, we shall often have two quantum groups Gi and G2. Then we shall denote by Si 
the antipode of Gj, for i = 1,2, and similarly for -^j, and so forth. 

There is of course a parallel C*-algebraic theory, but we shall introduce this below in Section HI 

2.1 Isomorphisms of quantum groups 

Definition 2.1. A quantum group isomorphism between Gi and G2 is a normal * -isomorphism 

6 : L°°(Gi) — ?► L°°(G2) which intertwines the coproducts. 

Suppose we have a *-isomorphism 6 : L°°(Gi) L°°{G2) which intertwines the coproducts. 
Then, arguing as in [131 Proposition 5.45], 6 must intertwine the antipode, the unitary antipode, 
and the scaling group. As the Haar weights are unique up to a constant, we may actually choose 
the weights to be intertwined by 9. Hence every object associated to Gi is transfered to G2 by 9. 
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Definition 2.2. A quantum group commutant isomorphism between Gi and G2 is a normal anti- 
*-isomorphism 9 : L°°(Gi) — t- L°°(G2) which intertwines the coproducts. 

The commutant von Neumann algebraic quantum group to G is G', which has L°°(G') = 
L~(G)', the commutant of L°°(G), and A'(x) = ( J ® J)A{JxJ){J ® J), for z G L°°(G)'. All the 
other objects (such as W, R', (f') associated to G' can be related to those of G using the modular 
conjugation operator J. See [IHl Section 4] for further details. Then, if 9 : L°°(Gi) — )■ L°°(G2) is a 
commutant isomorphism, then 6'{x) = J9{x)*J defines a quantum group isomorphism from Gi to 
G2; this motivates our choice of terminology. Notice that if G2 is commutative, then G2 = G2; thus 
we have avoided the terminology "quantum group anti-isomorphism" , as this would be misleading 
in the motivating commutative situation. 

3 Isometries of convolution algebras 

Throughout this section, fix two locally compact quantum groups Gi and G2, and let : L^(G2) 
L^(Gi) be a linear bijective isometry which is an algebra homomorphism (in short, T^, is an isometric 
algebra isomorphism). 

Then T = (T,)* : (Gi) — i- L°°(G2) is a bijective linear isometry between von Neumann 
algebras. Kadison studied such maps in [8] (see also [U Section 5.4]) where it is shown that T(l) 
is a unitary in L°°(G2) and the map Ti : x 1— )■ T(a;)T(l)* is a Jordan *-homomorphism. That is, 

Ti(x)* = T,{x*), T,{xy + yx) = T^{x)TM + TMTi{x) (x, y G L~(Gi)). 

In our situation, we can say more about the unitary T(l). 

Definition 3.1. Let G = (M, A) be a Hopf-von Neumann algebra. The intrinsic group of G is 
the collection of unitaries u & M with A{u) = u®u. 

Recall that a character on a Banach algebra is a non-zero multiplicative functional. The 
following is more than we need, but is of independent interest; it generalises [HI Theorem 3.6.10] 
(which again makes extensive use of a bounded antipode for a Kac algebra). Recall that M(Co(G)) 
is the multiplier algebra of Co(G); for further details see Section H] below. 

Theorem 3.2. Let G = (M, A) be a Hopf-von Neumann algebra. For x G M, the following are 
equivalent: 

1. X is a character of the Banach algebra M^,; 

2. X ^ and A{x) = x ^ x. 

If G is a locally compact quantum group, then a character x G L°°{G) is a unitary, and so auto- 
matically X is a member of the intrinsic group ofG. Furthermore, x G M(Co(G)) and x G D{S) 
with S{x) = X* . The maps 

L^(G) —7- ^"'"(G); u I— )■ ux , xu 
are isometric automorphisms of the algebra L'^{G). 

Proof. The equivalence of ([1]) and ([2]) is an easy calculation. 

Suppose that G is a locally compact quantum group, and x 7^ is such that A{x) = x ® x. 
Suppose also that x > 0; we shall prove that x = 1. The von Neumann algebra which x generates 
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is abelian, and so isomorphic to L°°{K) for some measure space K. Let x be the image of x in 
L°°{K). We note that as = ||A(x)|| = ||a;(8>2;|| = necessarily ||x|| = 1. 

Let r G [0, 1], and using the Borel functional calculus, let p = X[r,i]{x). Thus p is the indicator 
function of the set {k & K : x{k) > r}. The von Neumann algebra generated hj x^x embeds into 
L°°{Kx K) by sending x®x to x®x, which is just the function {k, I) i— >■ x{k)x{l). Then X[r,i]{S:®x) 
is the indicator function of the set {{k, I) & K x K : x{k)x{l) > r}. Thus, if X[r,i]ix ® x){k, I) = 1 
then x{k)x{l) > r so certainly x{k) > r (as = 1) and so (p ® 1)(A;,/) = 1. It follows that 

X[r,i]iS; ® x) < 1. 

By the homomorphism property of the Borel functional calculus, 

= X[r,l]iMx)) = X[r,l]ix (g)x) <p0l. 

However, we can now appeal to [HI Lemma 6.4] to conclude that p = or p = 1 (as an aside on 
notation, A as used in p3] is simply L°°(G), see [131 Page 874]). So, we have that xir,i]{x) = 1 or 
for every r G [0, 1]. It follows that x = 1. 

Now let X G L°°{G) be non-zero with A(x) = x (g) x. As A is a *-homomorphism, it follows 
that A{x*x) = x*x x*x, and so from the previous paragraph, x*x = 1. Similarly, xx* = 1, so x 
is a unitary, as required. 

Then 

1 (g) X = (x* O l)A(x), 1 (g) X* = A(x*)(x (g) 1), 

and so from (the von Neumann algebraic analogue of) p3l Proposition 5.33] we conclude that x G 
D{S) with ^(x) = X*. To show that x is a multiplier of Co(G), we adapt an idea from pH Section 4], 
which in turn is inspired by [h, Page 441]. We have that W G M{Co{G) (g) )C{L'^{G))), where 
/C(L^(G)) is the compact operators on L^(G), see [III Section 3.4] or compare [26, Theorem 1.5]. 
Then 

x(S)l = {l(g) x*)A(x) = (1 O x*)W^*(l (g) x)W G M(Co(G) ® /C(L2(G))), 

and so X G M(Co(G)) as required. 

Finally, for oj,u)' G L^{G), we see that 

{y, {uuj')x) = ((x ® x)A{y),uj ® a;') = {y, {ux){uj'x)) {y G L~(G)), 

so the map u i— )■ ux is an algebra homomorphism, with inverse u cjx*. The case of a; xa; is 
analogous. □ 

We remark that similar results to the above theorem have been obtained independently by 
Neufang and Kalantar, see Kalantar's thesis, |9l Theorem 3.2.11] and [lOl Theorem 3.9]. 

We hence see that if T^, : L^(G2) — > L^(Gi) is an isometric algebra isomorphism, then so is 
Ti^^, : u I— )• T^(T{l)*u). For the rest of this section, we shall just assume that actually r(l) = 1. 

Let p G L°°(G2) be a central projection, and let Tp be the map x H- T{x)p. As in [01 Section 5.4], 
we define 

Vh = {p central projection in L°°(G2) with Tp an algebra homomorphism}, 

Va = {p central projection in L°°(G2) with Tp an algebra anti-homomorphism }. 

Then [HI Lemma 5.4.5] shows that both Va and Vh have greatest elements, say Sa and Sh- From 
[T9| Theorem 3.3], there is some p EVa with 1 — p G Ph, and so Sa + Sh > 1. 

The following results are also shown in [6], but we give sketch proofs to verify that the results 
still hold for locally compact quantum groups. 
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Lemma 3.3. Let x G L°°{G) be a central projection with A{x) > x ^ x and R{x) = x. Then 
W{x ® x) = (x (g) x)W and A{x){x ® 1) = A(x)(l ^ x) = x ® x. 

Proof. We have that = (x®x)A(x) = {x^x)W* {l^x)W , and so {x^x)W*{l^x) = {x^x)W*. 
Now we use that (J ® J)W{J O J) = W% see ^ Corollary 2.2]. Thus 

X ^ X = {x ® x){J ® J)W{J (g) J)(l (g) x){J (g) J)W*{J (g) J), 

but JxJ = central and self-adjoint, and JxJ = R{x*) = R{x) = x by assumption. 

So X (g) X = (x (g) x)W{l (g) x)W*. Taking adjoints gives x (g) x = W{1 (g) x)iy*(x (g) x). As 
ly* G L~(G)®L°°(G), we see that VI/*(x (g) x) = (x (g) (g) x), and so, from above, 

X (g) X = ty(x (g) x)iy*(l (g) x) = VF(x (g) x)W*. 

Thus W(x (g) x) = (x (g) x)W^. 

Then, arguing similarly, A(x)(x (g) 1) = W*{1 (g) x)W{x (g) 1) = iy*(x (g) x)Vr = x (g) x. The case 
of A(x)(l (g) x) follows by applying the result to G°p (see [131 Section 4]). □ 

Corollary 3.4. Letp,q G L°°(G) 6e central projections with A{p) >p®p and A{q) > g(g>g, m^/i 
= p and R{q) = q, and with p + q > 1. Then p = 1 or q = 1. 

Proof. By the lemma, A(p)((l —p)®p) = A{p){l (g)p) — p(g)p = 0, and A(g)(g(g) (1 — q)) = 0. As 
1-g < p and 1-p < g, it follows that A(p)((l -p) (g) (1 - g)) = and A(g)((l -p)(g)(l-g)) = 0. 
As A{p) + A(g) > 1, it follows that (1 - p) (g) (1 - g) = 0, so p = 1 or g = 1. □ 

Proposition 3.5. Form Sa and Sh as above. Then: 

1. [Ts, ® TsJA,{x) = A,{T{x)){Sh ® S^) for x G L-(Gi); 

2- {Ts^ ® TsJA^ix) = A2(T(x))(5„ ® S^) for x G L-(Gi); 

3. A2{Sh)>Sh^Sh; 

I A2{Sa)>Sa®Sa. 

Proof. We prove claims for S^, the proofs for Sh are easier. The preadjoint of Ts^ is the map 
u I— 7- T^{Saijj). Firstly, let uj,u' G L-'^(G2), and calculate 

{{Ts^^TsJA^{x),uj®u') = {x,n{SaOo)T,iS,u')) = (A^iTix)), S^u ^ S^u'), 

which shows ([2]). 

As Sa is central, we see that Sa ® Sa e L°°(G2)'®L~(G2)' C A2(L°°(G2))'. Let g G L~(G2) 
be such that A2(g) is the central support of Sa (g) Sa (so g is the smallest central projection with 

A2iq){Sa^Sa) = Sa®Sa). Then 

$ : A2(L~(G2))(5', ® Sa) ^ A2(L-(G2)g); A2(x)(5„ ® 5J ^ A2(xg) = A2(x)A2(g), 

is readily seen to be an isomorphism. Then, for x G L°°(Gi), 

A2(T,(x)) = A2(T(x)g) = $(A2(T(x))(5, ® 5J) = ^((r^^ ® T5jAi(x)). 

So X H-T- A2(rg(x)) is anti-multiphcative, and so g G Va- Thus g < Sa, and so A2(S'a) > A(g) > 
Sa ® as required. □ 
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At this point, we can no longer follow [6]. We would like to show that TRi = R2T (that 
is, T' as defined in the next proposition, is the identity map) but we have to proceed somewhat 
indirectly. 

Proposition 3.6. Suppose that the map T' = T^^R2TRi : L°°{Gi) — t- L°°(Gi) is a homomor- 
phism. Then T is either a *-homomorphism or an anti-*-homomorphism. 

Proof. As the unitary antipode R2 is an anti-*-homomorphism, it is easy to see that R2{Sh) is a 
central projection. For x G L°°(Gi), 

TR,is,){x) = T{x)R2{Sh) = R2{R2{T{x))Sh) = i?2(T(T'(i?i(x)))S,) . 

As ?/ H-)- T{y)Sh is a homomorphism, it follows that Tji^(^Sh) is a homomorphism, and so R2{Sh) < Sh- 
As R2 preserves the order, also Sh < R2{Sfi), so Sh = R2{Sh)- 

A similar argument establishes that R{Sa) = Sa- So, combining the previous proposition and 
corollary, we conclude that either S"/! = 1, in which case T is a *-homomorphism, or Sh = 0, so 
Sa = 1, and T is an anti-*-homomorphism. □ 

We are henceforth motivated to study the map T' = T'^R2TRi. Notice that this map is 
normal, and the preadjoint is an isometric algebra isomorphism from L^(G2) to itself. 

3.1 Characterising the unitary antipode 

We now study the unitary antipode more closely. For us, an important characterisation of R is 
the following, given in [TH Proposition 5.20]: 

R{it/j ® ® 1)A(&))) = (V' ® 0(A(^i/2(«*))(^-V2(^) ® 1))' 

where a,b G %p. (We shall shortly explain further exactly what this formula means). We are 
hence motivated to look at the right Haar weights, and how they interact with T. We shall then 
split L°°(Gi) into a direct summand, with T acting as a homomorphism in the first component, 
and as an anti-homomorphism in the second. Then Ri and R2 will interact well with T on these 
components, but less well on the cross-terms. However, this "bad interaction" will cancel out if 
we consider T'^, for T' as defined above. 

Lemma 3.7. The map L°°{Gi)^ — )■ [0,oo];x ^ ip2{T{x)) is a right-invariant, normal semi-finite 
faithful weight on L°°(Gi), and is hence proportional to ipi. 

Proof. As r is a Jordan homomorphism, it restricts to an order isomorphism L°°(Gi)"'" — )■ L°°{'Gi2)^ ■ 
Thus we can define -0 = -02 o T : L°°(Gi)"'" — )■ [0, 00], and it follows that ip \s a. faithful weight, and 
= T'^iycy^^). Thus also = T~^{m.^^). As T is a-weakly continuous, it is now routine to 
establish that ip is semi- finite, and normal (as T is an order isomorphism on the positive cones). 

It remains to check that ip is right-invariant. For uj G L^(Gi)^ and y G m^, a simple calculation 
shows that T{{l ® uj)/\i{y)) = {l® T-\uj))A2iT{y)). As T-\uj) > and T{y) G m+ , it follows 
that 

^{{L®uj)Aiy))=^2{ii^T-\uj))A2iTiy))) = {l,T-\uj))Mny)). 
As T is unital, this shows that -0 is right-invariant. □ 
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Henceforth, we shall actually assume that that ipi = 1^2 ° T. 

Henceforth, using [191 Theorem 3.3], we fix a central projection p G L°°(G2) such that Tp is a 
homomorphism, and Ti_p is an anti-homomorphism. Note that we cannot necessarily assume that 
p = Sa and 1 — p = Sh- Let q = T~^{p). 

Lemma 3.8. Withp,q as above, we have that q is a central projection in L°°(Gi). Then L°^(Gi) 
decomposes as gL°°(Gi) © (1 - g)L°°(Gi), L°°(G2) decomposes as pL°°(G2) © (1 - p)L°°(G2), and 
under these identifications, T decomposes as Tp © Ti_p. 

Proof. Let x G L°°(Gi). Then T{xq)p = Tp{xq) = Tp{x)Tp{q) = T{x)pT{q)p = T{x)p = Tp{x), 
and similarly Tp{qx) = Tp{x), and Ti_p{qx) = Ti^p{xq) = 0. Thus 

T{xq - qx) = Tp{xq - qx) + Ti_p{xq - qx) = Tp{xq) - Tp{qx) = Tp{x) - Tp{x) = 0. 

So q is central; it is easily seen to be a projection. The remaining claims now follow by simple 
calculation. □ 

This lemma means that, for example, given a G qL°°{Gi) and x G L°°(Gi), 

T{ax) = T{axq + ax{\ — g)) = Tp(a)Tp(x) = Tp{a)T(x) = T{a)Tp{x) = T{a)T{x). 

Thus we understand T quite well; what is unclear is how T interacts with the unitary antipodes 
Ri and i?2- 

We can then restrict ifji = ip2 o T to gL°°(Gi) and to (1 — q)L°^ {G2), say giving ifjf and "01 
As Tp is a *-homomorphism, it is clear that Tp gives a bijection from to n^p. As Ti_p is an anti- 
*-homomorphism, we have that x G n^i-? if and only if T{x*) = T{x)* G tx^i-p- To ease notation 

for the modular automorphism groups, for t G M, we shall let a"^'^ = af^ and (Jt'^^^ = crf'^ , and 
similarly for ipi. 

Lemma 3.9. The map T intertwines the modular automorphism groups in the following ways: 

Tp o al'"^ = af'^ o Tp, Ti_p o aj'^^^ = cr'^l^^ o Ti_p (t G M). 

Proof. As Tp is a *-isomorphism between L°°(Gi)g and L°^(G2)p, it is standard that it intertwines 
the modular automorphism group, compare [20l Corollary 1.4, Chapter VIII]. As Ti_p is an anti-*- 
isomorphism, a variant of the standard argument will show that we get the sign change 1 1— )■ —t. □ 

As in [T2I Section 6] (see also the C*-algebraic version in [l^i Section 1.5]) we let 

= {x G (L-(Gi)©L-(Gi))+ : {L^uj)ix) G m+ (u G L\G^U}. 

Then tn^^^^ is a hereditary cone in (L°°(Gi)©L°°(Gi))+. Let m^^^^^ be the *-subalgebra generated 
by Tn^^^j this agrees with the linear span of tn^^^^- There is a linear map 

(-i/^i © t) : m^i0t -> L°°(Gi) with {{iIji ^ l){x) ,u) = iji^^t ^ u)x) . 

We then set 

nv,i®. = {xe L°°(Gi)©L°°(Gi) : x*x G m+ ^J. 

This is a left ideal in L°°(Gi)©L°°(Gi), and m^^®t is the linear span of n'^-^^^n^ii^i.. 

As '01 is right-invariant, a simple calculation shows that for a, 6 G n^j , we have that A{b) G n^i^t 
and that a © 1 G n^i(g)t. Thus (a* © 1)A(6) G m^^®t, and similarly A(a*)(6 © 1) G m^^,g,t. 

In particular, for a, 6 G 7^^, we can make sense of the formula 

© ® l)Ai(6))) = (V'l ® 0(Ai(a%(a))(a%(6) © 1)). 
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Lemma 3.10. Let a G %p-^ and b G Tf^q. Then 

r((^i ® L){{b l)Ai(a))) = iij, ® ® l)A2(T(a))), 

r((^i ® ® 1))) = (^2 ® 0(A2(T(a))(T(b) ® 1)) 

Proo/. Let u,uj' E ^^(Ga). Then, for x G 

(x,T,(u;0&) = {T{bx),u') = {T{b)T{x),u') = {x,n{u'T{b))), 

using that b G Thus 

{T{{l ® r,(a;))((6 ® l)Ai(a))), w') = ((6 ® l)Ai(a), T,{u') ® T,(a;)) 

= (Ai(a),T,(a;'T(f)))®T,(a;)) = {T{a), {uj'T{b))cu) = ((T(6) ® l)A2(T(a)), ® w). 

Hence finally 

(T((V^i ® ® l)Ai(a))) , = V^i (('^ ® ® l)Ai(a))) 

= 7/>2 ((^ ® a;)(T(fo) ® 1) A2(T(a))) = ((^2 ® ((^(f*) ® 1) A2(T(a))) , a;), 

as required. 

Now, as 1IJ2 is a weight, we have that 'il)2{x*) = il^2{x) for x G tn^a- We can also verify that 
{t^u){x*) = {L^u*){xy for X G m^20t and w G L^(G2) + . It follows that (■?/'2(8/.)(a;*) = (■?/'2®'-)(a:;)*- 
As is a *-algebra, and T respects the involution, applying this calculation to a* and b* and 
then taking the adjoint yields the second claimed equality. □ 

Lemma 3.11. Let a G 7^^ and b G T^^{1 — q). Then 

r((^i ® L){{b ® l)Ai(a))) = (V'a ® 0(A2(T(a))(T(6) ® 1)), 

r((^i ® ® 1))) = (V^2 ® ® l)A2(T(a))). 

Proof. As in the previous proof, but now using that b G L°°(Gi)(l — q), we check that for u),u' G 
L-'^(G2), we have that T^{u')b = T^(T{b)uj') , which leads to 

T{{l ® T,{u)){ib ® l)Ai(a))) = {l^u) (A2(T(a))(T(6) ® 1)), 

which gives the first result. The second equality now follows by taking adjoints. □ 

Proposition 3.12. As before, let T' = T^^R2TRi. If a,b G T^^g or a,b E 7^i(l — q), we have 
that 

T'diji ® L){{b ® l)Ai(a))) = iiji ® L){{b l)Ai(a)). 
Proof. Suppose that a, 6 G 7^i(l — q), the other case being analogous. We have that 

® ® l)Ai(«))) = Tiii^, ® 0(Ai(^iv2'(^))(^-v7(«) ® 1))) 
= (^2 ® 0(m-P^i'-/7(«) ® l)A2(Ti_,ai'^/7(fe))) 
= (^2 ® 0((^j2'"ri-p(«) ® l)A2(aj;-^ri_,(6))) 

using first Lemma [3.111 (applied to cr]ll/2'^{a) G 7^i(l — q)) and then Lemma [3l9l 
Thus, taking adjoints gives that 

TR,{iij, ® ® l)Ai(«))) = (^^2 ® 0(A2(a''-/7ri-p(&*))(a''-/7^i-p(a*) ® 1))* 
= /22((^2 ® t){{T,^pib*) ® l)A2(Ti_,(a*)))*) 

= /?2T((^i ® 0(Ai(a*)(6* ® 1))*) = i?2T((^i ® l)Ai(a))), 
as required. □ 
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Proposition 3.13. As before, let T' = T ^R2TRi. If a E 70i(l — q) and b G T^^q', or vice versa, 
we have that 

T'{{ij^ ® ® l)Ai(a))) = (Va ® L){/\^{a){at\{b) ® 1)), 

Proof. Suppose that a G 7^i(l — q) and 6 G T^i?, so we can follow the previous proof through to 
get that 

® i){{b<^l)^i{a))) = (^2 ® ^((^^''^i-pH ® l)A2(a!'f/2^p(6))), 

where here we remember that b G T^iQ'. Thus 

ri?i((V^i ® ® l)Ai(a))) = (V^2 ® 0(A2(aJ^Tp(fo*))(a'f/7ri_j,(a*) ® i))* 
= R2{{^2 ® i){ia^'''{T,{b*)) l)A2(Ti_,(a*)))*) 

= /?2r((^i ® ® l)Ai(a*))*) = i?2T((V^i ® i){A,ia){at]{b) ® 1))), 

as required, using Lemma [3. 101 The case when a G T^^q and 6 G 7^^(1 — follows similarly. Again, 
taking adjoints (and remembering that af^ip)* = a^]{b*) gives the second claimed equality). □ 

Corollary 3.14. We have that T'^ = l. 

Proof. By density, it is enough to verify these identities on elements of the form {ipi ® ® 
l)Ai(a)) for a, 6 G T^^. By linearity, we may suppose that a, 6 G T^^g or a, 6 G 7^i(l — q), in which 
case the result follows from Proposition I3.12[ or that a G T^^q,b G 7^i(l — q) or vice versa, in 
which case the result follows from Proposition 13.131 □ 

Finally, we wish to show that T' commutes with the scaling group (t^). For this, recall from 
[Til Proposition 6.8] that Aicrf' = {ap ® r_t)Ai. 

Proposition 3.15. We have that TtT' = T'rt for each t G M. 

Proof. Let a G 7^i(l — q) and b G 7^,1^'. Then, from Proposition 13.131 

TtT'{{'l^J^ ® t){{b ® l)Ai(a))) = rt{i{ji ® 0(Ai(a)(a^K&) ® !))• 

Now, for G Li(Gi), 

{{l^uo rt)iA^ia)iat]ib) ® 1)), w') = {{t ® n)Ai(a), a:^^^)^' ® ^) 

= ((af^ ® OAi(a^K«)),^'^K^K®^) = ((^^ ® 0(Ai(a^Ka))(^^UW 
= (af^ ((. ® ( Ai {atl (a) ) (a!^ . (&) ® 1 ) ) ) , 

Thus also 

{niiJi ® ® l)Ai(a)),a;) = ® a; o TO(Ai(a)(a^K&) ® 1))) 
= a;)(Ai(a!i(a))(a^UW ® 1)))) 
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and so we conclude that 

Similarly, we find that 

((i® wo rj)((fe® l)Ai(a)),a;') = {{i Tt)Ai{a),u'b ® to) 

So arguing similarly, 

rVi((^i ® i,){{b ® l)Ai(a))) = r((V^i ® ® l)Ai(a^i(«)))) 

= (^1 ® 0(Ai(a^K«))(^'^U(&) ® 1)) = nT'((V.i ® ® l)Ai(a))). 

The same argument works if a G T^^g and & G 7^i(l — g). Similarly, by using Proposition 13.121 
a similar calculation works for a, 6 G T^^g or a, 6 G 7^i(l — g). By linearity and density, the result 
follows. □ 



3.2 The main result 

We are now in a position to state and prove our main result. 

Theorem 3.16. Let T^, : L^{G2) L^i'^i) be an isometric algebra isomorphism. Then u = 
T(l) G L°°(G2) is a member of the intrinsic group, and there is a quantum group isomorphism, or 
quantum group commutant isomorphism, 6 : L°°{Gi) — ?■ L°°(G2) such that 

T,{u) = e,{uu) (cj G L°"(G2)). 

In particular, Gi is isomorphic to either G2 or . 

Proof. Suppose that the result holds (with u = 1) when T = (T^)* is unital. Then we apply this 
to Ti to find that 

T,{T{iyuj) = Ti4u) = 6,{uj) {uj G L^(G2)), 

from which the general case follows. 

So, we may suppose that T is unital. We wish to prove that T is either a *-homomorphism, 
or an anti-*-homomorphism. Form T' = T~^i?2^^i- By Corollary 13.141 T'^ = l, so RiT'Ri = 
RiT-^R2T = T'-^ = T'; thus T' commutes with Ri. 

Now, T'{1) = 1 and is an isometric algebra isomorphism. By Proposition l3.6l as T'~^ RiT' Ri = 
L, it follows that T' is either a *-homomorphism, or an anti-*-homomorphism. If T' is a *- 
homomorphism, then Proposition 13.61 now shows that T itself is either a *-homomorphism or 
an anti-*-homomorphism, as required. 

If we reverse the roles of Gi and G2, and work with T'^, then the same arguments show 
that (T^^)' = T RiT^^ R2 is either a *-homomorphism or an anti-*-homomorphism. If it is a *- 
homomorphism, then (and so T) is either a *-homomorphism or an anti-*-homomorphism, as 
required. 

So, the remaining case is when both T' and (T"^)' are anti-*-homomorphisms (and, to avoid 
special cases, by this we mean that T' and (T~^)' are not also *-homomorphisms) . Then we can 
consider the map $ : L°°(Gi) — t- L°°(G'i) = L°°(Gi)'; x JT'(x)*J, which will be a ^-isomorphism 
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which intertwines the coproducts. Thus $ will also intertwine the antipode, the unitary antipode, 
and in particular the scaling group. The scaling group of L°°{G'i) is t/(x) = JT^t{JxJ)J, see [I3l 
Section 4]. So, for x e L°°(Gi), 

JT'{n{x)yj = $(n(x)) = r;($(x)) = jT_t{T'{xr)J. 

Thus T'Tf = T_tT'. However, Proposition 13. 151 shows that T'ti = TfT'; as T' bijects, it follows that 
Tt = L for all t. 

So the scaling group of Gi is trivial; arguing with (T~^)' in place of T' shows that the same 
is true of G2. This does not quite show that Gi and G2 are Kac algebras (see [22l Page 7]) but 
it does give us enough that we can now easily follow the proof in the Kac algebra case, see [6l 
Section 5.5]. Indeed, let 

X = (Tp ® l){Wi) + {Ti-pRi ® i){W*) G L°°(G2)®L°°(Gi), 

where Wi is the fundamental unitary for Gi. This makes sense, as both Tp and Ti^pRi are 
*-homomorphisms. 

Then X is unitary. This follows, as for x,y E L°°(Gi), Tp{x)Ti_p{y) = T{x)T{y)p{\ — p) = 0. 
Thus 

X*X = {{Tp ® l){W*) + {Ti.pRi ® i){Wi)) {{Tp ® i){Wi) + {T.^pR, ® l){W*)) 

= (Tp®0(l) + (^i-P^i®0(l) = 1, 

and similarly XX* = 1. 

As the scaling group is trivial, the familiar formula for the antipode, [Ml Proposition 8.3] or 
[m Page 79], becomes 

Ri{{i^oj){Wi)) = {l^u){W*) {u e L\Gi)). 

Thus, for u G L-'^(G2) and uj' G L-'^(Gi), as R^ = l, 

{{uj®l){X),uj') = {Tp{{L®uj')W,),u) + {T,^pR,{{L®u'){W*)),uj) 
= {Tp{{L ® u')W,),u) + {T,^p{{L ® u'){W,)),u) 
= {Wi,n{u)(S)u') = {X,{T,{u)),u'). 

So the map L^(G2) — ?■ Co(Gi);a; 1— )• Xi{T^{u)) is a homomorphism, and now a simple calculation 
shows that (A2 ® i^){X) = X13X23. 

Again, as S2 = R2, we can turn L^(G2) into a Banach *-algebra for the involution 

{x,J) = {R2{x)*,uj) {x e L'^{G2),uj e L\G2)), 

compare with Section H] below. As X is unitary, pT| Proposition 5.2] shows that AiT* is a *- 
homomorphism. Hence is a *-homomorphism. So, for x G L°°(Gi) and u G L^(G2), 

{x, T^uf) = {Ri{xy,T4uj)) = {T{R,{x)y,oo) 
= {T{x),J) = {R2{T{x)y,u), 

showing that R2T = TRi. Thus T' = i, so T' is a *-homomorphisms, a contradiction, completing 
the proof. □ 

We remark that a corollary of the proof is that, actually, T' = l all along! 
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3.3 Completely isometric homomorphisms 



It is increasingly common in non-abelian harmonic analysis to study objects in the category of 
operator spaces and completely bounded maps; see for example the survey [T7j. It is well-known 
that the transpose mapping is the canonical example of an isometric, but not completely isometric, 
linear mapping. So we might suspect that a complete isometry cannot give rise to a anti-*- 
homomorphism, and this is indeed the case- this is well-known, but we include a sketch proof for 
completeness. 

Theorem 3.17. Let A and B he unital C* -algebras, and let T : A ^ B be completely isometric 
bijection. Then T{1) is a unitary, and the map A ^ B; a ^ T(a)T(l)* is a *-homomorphism. 

Proof. By Kadison, r(l) is unitary, and S : a ^ T(a)T(l)* is a unital, completely isometric 
bijection. We can now follow [2| Section 1.3] to conclude that S' is a *-homomorphism, as required. 
Indeed, S is unital and completely contractive, and so is completely positive. Then the Stinespring 
construction allows us to prove the Kadison-Schwarz inequality: S{a)*S{a) < S{a*a). Applying 
this to S^^ as well, and using polarisation, yields the result. □ 

Theorem 3.18. Let : L^(G2) — )■ L^{Gi) be a completely isometric algebra isomorphism. Then 
u = T(l) G L°°{G2) is a member of the intrinsic group, and there is a quantum group isomorphism 
e : L°°(Gi) L°°(G2) such that 

T,{u) = 0,iuu) {u e L°°(G2)). 

In particular, Gi is isomorphic to G2. 

Proof. The previous result shows that 9{x) = T{x)u* defines a *-homomorphism, and so the result 
is immediate. □ 

We remark that if T* : L^(G2) — ?■ L^(Gi) is isometric, and completely contractive, then T^ 
is induced by a quantum group isomorphism as above. Indeed, we only need to rule out the 
possibility that 6 : x ^ T(x)T(l)* is an anti-*-isomorphism. As 6 is still a complete contraction, 
the Kadison-Schwarz inequality would yield that 6{aa*) = 9{a)*9{a) < 9{a*a), so applying 9~^ 
(which is an order-isomorphism) gives aa* < a* a, a contradiction (unless L°°(Gi) is commutative, 
in which case ^ is a homomorphism, as required). 



4 Isometries between measure algebras 

In this section, we extend our results to isometric algebra isomorphisms between quantum measure 
algebras. We thus start with a survey of the C*-algebraic theory of locally compact quantum 
groups. 

A morphism between two C*-algebras A and S is a non-degenerate *-homomorphism (p : 
A M{B) from A to the multiplier algebra of B. That <p is non-degenerate is equivalent to (j) 
extending to a unital, strictly continuous *-homomorphism M{A) — )■ M{B). Thus morphisms can 
be composed; for further details see [HI Appendix A]. 

Given G and its fundamental unitary W, the space {(i ijj)(W) : u G i3(iir)*} is an algebra 
(T- weakly dense in L°^(G). However, the norm closure turns out to be a C*-algebra, which we shall 
denote by Co(G). Then A restricts to give a morphism Co(G) — )■ M(Co(G) ® Co(G)), and R, Tt 
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and so forth all restrict to Co(G). It is possible to define locally compact quantum groups purely 
at the C*-algebra level, although the necessary weight theory is more complicated; see [H] . 

As for L^(G), we use A to turn Cq{G)* = M{G) into a Banach algebra. In the commutative 
case, this is the measure algebra of a group, which justifies the notation. As Cq{G) is a- weakly 
dense in L~((G), the embedding of L\G) into M(G) is an isometry; clearly it is an algebra 
homomorphism, and actually L^(G) becomes an ideal in M(G), see [TH Page 914]. 

Actually, we work in a little generality, and introduce the following (non-standard) terminology. 

Definition 4.1. A quantum group above Co(G) is a triple (y4,A^,7r) where A is a C -algebra, 
Aa '■ A — )■ M{A ® A) is a morphism, coassociative in the sense that {l ® Aa)'^a = (A^ ® t)AA, 
and n : A ^ C'o(G) is a surjective * -homomorphism with Avr = (7r®7r)A^. Then tt* : M(G) — )■ A* 
is an algebra homomorphism, and we make the further requirement that n*{L^{G)) is an essential 
ideal in A* . Here essential means that if 7r*{u)fi = for all cu G L^{G), then n = 0, and similarly 
with the orders reversed. 

For example, Co(G) itself is a quantum group above Co(G). In the cocommutative case, 
Co(G) = C*{G) the reduced group C*-algebra of a locally compact group G, and so M(G) = Br{G), 
the reduced Fourier-Stieltjes algebra. We could alternatively study the full group C*-algebra 
C*(G), whose dual is B{G) the Fourier-Stieltjes algebra. Then G*{G) is a quantum group above 
C*{G). It turns out that this example can be generalised to the quantum setting. 

We follow [11]. Let G be a locally compact quantum group, and let Lj{G) be the collection of 

CO E L^(G) such that there is G L^(G) with 

{x, J) = {S{x)*,u) {x G D{S)). 

Then Lj{G) is a *-algebra for the involution H- Let Gu{G) be the universal enveloping C*-algebra 

of LJ(G), and let A„ : -^^J(G) — ?■ Cu(G) be the canonical homomorphism. Then C„(G) becomes a 
"quantum group" which is very similar to Gq{G), the essential difference being that the left and 
right invariant weights are no longer faithful. For us, the important features are: 

• There is a non-degenerate *- homomorphism A^ : Gu{G) — )■ M(Cu(G) ® Gu{G)) which is 
coassociative; 

• There is a surjective ^-homomorphism n : C„(G) — t- Co(G) with Avr = (tt ® tt) A^. 

We note here that there are many differences in notation between [11] and that for Kac algebras 
used in [6]. We shall continue to follow [11]. It is shown in [U Section 8] that L^(G) is an essential 
ideal in C„(G)*, and so Cu(G) is a quantum group above Co(G). 

In [in] examples of discrete groups G are given so that there is a compact quantum group 
{A, A a) which "sits between" C*{G) and G*{G), in the sense that we have proper quotient maps 
C*{G) — )■ A — )■ C*{G) which intertwine the coproducts. Then the inclusion maps Br{G) — )■ A* — )■ 
B{G) are isometric algebra homomorphisms. As the Fourier algebra A{G) is an essential ideal in 
B{G), it follows that A is a quantum group above G*{G). Indeed, this argument would work for 
any quantum group sitting between Co(G) and Cu(G) (but to our knowledge, [I^ gives the first 
example of this phenomena). 

4.1 Quantum group isomorphisms revisited 

Let 6 : L°°(Gi) — )■ L°°(G2) be a quantum group isomorphism. Assuming we have normalised 
the Haar weights, 6 will induce an isomorphism between the Hilbert spaces which intertwines the 
fundamental unitaries. Thus 9 will restrict to give a *-isomorphism Co(Gi) Co(G2). 
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Similarly, 9 induces a quantum group isomorphism 9 : L°^(G2) — t- L°^(Gi) which satisfies 
9X2 = Ai^?*. Then 9^ will restrict to give a ^-isomorphism between Lj(Gi) and Lj(G2). This will 
induce a ^-isomorphism 6'„ : C„(Gi) — t- C.u(G2) which intertwines the coproducts, and satisfies 

For a quantum group commutant isomorphism 9 we simply compose 9 with the map x Jx* J 
to get a quantum group isomorphism from Gi to G2. In [131 Section 4] it is shown that (G2)"= (62^, 
where L'^iG'^) = L°°(G2) with the opposite coproduct A°p = a A. Hence L^{G2^) agrees with 

Lj(G2), but with the reversed product, and similarly Cu(G2) is canonically equal to the opposite C*- 
algebra to Cm(G2), but has the same coproduct. Thus, for example, 9 lifts to an anti-*-isomorphism 
9u ■ Cu(Gi) — )■ Cu(G2) which intertwines the coproduct (somewhat as we might hope). 

4.2 Normal extensions 

Let B he a C*-algebra non-degenerately represented on a Hilbert space H. Let M = B" be the 
von Neumann algebra generated by B. We can identify the multiplier algebra of B with 

M{B) = {xeM : eB {ae B)}. 

Let A be a C*-algebra, and consider the enveloping C*-algebra A**. Let : A — )■ M{B) be a 
morphism. By the universal property of A**, there is a unique normal *-homomorphism (j) : A** -> 
B" extending (p. As (p is non-degenerate, is unital. In the special case when B" = B** (say with 
B C B{H) the universal representation) the extension is nothing but the second adjoint (j)**. 

Now let (y4,A^,7r) be a quantum group above Co(G), and let A C B{H) be the universal 
representation, so that both A^ A (the spacial C*-tensor product) and A**^A** are subalgebras 
of B{H <S)H). We can hence form the extension Aa : A** -> A**^A**. Notice that then {A**, A a) 
becomes a Hopf-von Neumann algebra. 

Similarly, we form vr : A** — )■ L°°(G). The preadjoint of this map is simply the embedding 
TT^, : L^(G) — 7- A*, which is the composition of the isometry L^(G) — Co(G)* with the isometry 
vr* : Co(G)* — J- A*. Let supp vr be the support projection of tt, so supp tt G A** is the unique central 
projection with, for x G A**, xsuppTT = if and only if n{x) = 0. Then 

n4L\G))^ = {xe A** : {x,^,{u)) = (w G L^(G))} = ker ^ = (1 - supp ^)A**. 

It follows that 

^,(L^(G)) = {i_ieA* : = (x G (1 - supp^)^**)} 

= {yU G A* : (1 — supp 7f)/i = 0} = (supp 7i)A* . 

Temporarily, let Aq be the coproduct on Co(G), and let Aqo be the coproduct on L°°(G). 
Identifying M(Co(G) Co(G)) with a subalgebra of L°°(G)®L°°(G), we see that A^ extends Aq. 
It is easy to verify that as (vr (g) 7t)Aa = Aqtt, also (vr (g) 7r)Ayi = AqoTT- We shall use this, and 
similar relations, without comment in the next section. 

We remark that we could work with a more general notion of a quantum group above Cq{G). 
Indeed, suppose that (^4, A^) is a C*-bialgebra, and that tt : ^4 — > L°°{G) is a *-homomorphism 
with cr-weak dense range. Then n ^ n is a *-homomorphism A ^ A ^ L°°(G) L°°{G) C 
L°°(G)®L°°(G), and so, by taking a normal extension, we have a *-homomorphism vr : M{A^A) — )• 
L°°(G)®Iv°°(G). We can thus make sense of the requirement that (tt ® vr)A^ = Avr. Then tt* 
restricted to L^{G) gives a homomorphism L^(G) — )■ A* (which is an isometry, as tt has a- weakly 
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dense range, and using Kaplansky Density). We again insist that 7r*(L^(G)) is an essential ideal 
in A*. A careful examination of the following proofs show that they would all work in this more 
general setting; but in the absence of any examples, we do not make this a formal definition. 

4.3 Isometries of duals of quantum groups 

For 2 = 1,2 let {Ai, A^., tTj) be a quantum group above Co(Gi). Let : — )■ Al be an isometric 
algebra isomorphism, and set T = (T*)* : A** — )■ A2*. The following is now proved in an entirely 
analogous way to the arguments in Section [31 

Lemma 4.2. T(l) is a unitary element of A2* which is a member of the intrinsic group. The map 
Ti* : Al* — )■ A2*;uj i-> T^{T{1)*uj) is an isometric algebra isomorphism. 

Again, we find that Ti = (Ti*)* is a Jordan homomorphism. We now show (in a similar, but 
more general, fashion to the arguments in [Gj Section 5.6]) a link between vr and the order properties 
of A**, for {A, A A, tt) a quantum group above Co{G). 

Proposition 4.3. Let G be a locally compact quantum group, and let {A, A^) a quantum group 
above Co(G). Let 

Q = {Q e A** : Q IS a projection, Q ^ 1, Aa(Q) <Q0Q}. 
Then Q has a maximal element, which is 1 — suppyf. 

Proof. Let e = 1 — suppvr, so as in Section I4l2l above. eA** = kervr and 7r*(L^(G)) = (1 — e)A*. 
Let G A*, so there are u,uj' E L^(G) with 7i^{u) = (1 — e)/i and 7r*(w') = (1 — e)/i'. Then 

(AA(e)(e ® e), /i (g) = (e, (e/i)(e/i')) = (e, {fi - tt^{u)){^' - tx^{u'))) 

= (e, /iyu') + (e, t:^{uuj') — fin^{uj') — n^{uj)fi') 
= (e,/iju') = (AA(e),/i(8)/i'), 

as 7r*(L"^(G)) is an ideal in A*. It follows that Ayi(e)(e ® e) = AA{e), and so A^(e) < e ® e. Thus 
e e Q. 

Now let Q e Q, so that A7f(Q) = (A7r)~(Q) = ((tt ® 7r)A„)~(Q) = (tt ® 7r)A„(g) < 7r(Q) O 
7i'(Q) < 1 ® vr((5). By [TH Lemma 6.4], this can only occur when tt^Q) = or 1. 

If tt{Q) = 1, then Q > supp tt, and so Q + e > 1. Thus Au{Q) + Au{e) > 1 ® 1, but as Q, e G Q, 
it follows that 

l®l<Q®Q + e®e. 

Thus also 

(1 - Q) ® (1 - e) < ((1 - g) ® (1 - e)) (Q ® Q + e ® e) ((1 - Q) ® (1 - e)) = 0, 
and so(5 = lore = l,a contradiction. Thus rc{Q) = 0, showing that Q < e a.s required. □ 
Proposition 4.4. With T^,,T, Ti as above, we have that: 

1. Ti(l — supp TTi) = 1 — supp 7r2. 

2. T(ker7ri) = ker7r2. 
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3. T,(^2,*(I^'(G2))) = ^i,*(Li(Gi)). 



Proof. For i = 1,2, form Qj for Ai as in Proposition 14.31 We claim that Ti gives a bijection Qi to 
Q2- Let Q G Qi, so as Ti is Jordan homomorphism, Ti{Q) is a projection which is not equal to 1 
(as Ti(l) = 1 and Ti bijects). For /i, /i' € A2 positive, we see that 

< {Q(S)Q,Ti,{fi)(S)Ti,{fi')) = {Ti{Q)^Ti{Q),fi(S) fi'). 

It follows that Aa2{Ti{Q)) < Ti{Q) ® Ti{Q), and so 71 (Qi) C Q2. Applying the same argument 
to Tf^ yields that T'i(Qi) D Q2, giving the claim. As Ti preserves the order, and 1 — suppvTj is 
the maximal element of Qi, it follows that Ti{l — suppyfi) = 1 — supp7r2 showing ([1]). 

For i = 1, 2, we know that x G ker tTj if and only if x supp 7r.j = 0. For x G A**, as Ti is a Jordan 
homomorphism, we see that 

2Ti(x) supp7f2 = (supp -7f2)Ti(x) + Ti(x) supp7r2 = Ti(supp 7ri)ri(x) + Ti(x)Ti(supp tti) 
= Ti((supp 7r2)x + X supp #2) = 2Ti(x supp 7r2), 

using ([1]). Thus Ti(ker7ri) = ker7r2. As ker-zfi is an ideal, and T{1) is unitary, it follows that 
ker7t"iT(l) = ker-TTi, and so r(ker'7ri) = Ti(ker 7fiT(l)) = ker7f2 showing ([2]). 

As in Section IT2] above, we have that 7rj.*(L^(Gi)) = -""(kervrj), for i = 1,2. Hence ([3]) follows 
immediately from ([2]). □ 

For i = 1,2 we have that L^(Gi) C A* isometrically, and so the restriction of T yields an 
isometric algebra homomorphism Tr : L^{G2) L^(Gi). We have already characterised such 
maps, and we next bootstrap this to determine the structure of T^, on all of Ag. For the moment, 
we restrict attention to the cases when Ai = Co(Gj) for i = 1,2, or Ai = C„(Gj), for i = 1,2. In 
the next section we use quantum group duality to say something about the general case. 

Given a quantum group (commutant) isomorphism 6 : L°°(Gi) — i- L°°(G2), we recall from 
Section HIT] that 6 restricts to a (anti-) *-isomorphism 6 : Co(Gi) — ?■ Co(G2), and lifts to a (anti-) 
^-isomorphism 9u : Cu(Gi) — )■ Cu(G2). In the following, we call such a map "associated". 

Theorem 4.5. Let Gi and G2 be locally compact quantum groups. Suppose that either Ai = 
Co(Gi), A2 = Co(G2), or Ai = C„(Gi), A2 = Cu(G2). Let T* : — )■ A* be a bijective isometric 
algebra homomorphism, and set T = (T*)*. Then v = T(l) and u = T*{1) are in the intrinsic 
groups of A2* and L°°{G2), respectively. There is either: 

1. A quantum group isomorphism 9 : L°°(Gi) — t- L°°(G2) and associated *-isomorphism 6q : 
Ai — )■ A2 which intertwines the coproducts; or 

2. A quantum group commutant isomorphism 9 : L°°(Gi) — )■ L°°(G2) and associated anti-*- 
isomorphism ^0 • ^1 ^2 which intertwines the coproducts. 

In either case, for u G M„(G2) and u' G L-'^(G2), 

T^{u) = 9q{vu), Tr{uj') = 9^{uu'). 

Proof. By previous work, u = Z^*(l) is a member of the intrinsic group of L°°(G2), and the 
map 9 : L°^(Gi) — )• L°°{G2)',x ^ T*{x)u* is either a normal *-isomorphism, or a normal anti-*- 
isomorphism, which in either case intertwines the coproduct. 
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Suppose we are in the first case, where ^ is a ^-isomorphism. Then we have an associated 
*-isomorphism 6^ : Ai A2 which intertwines the coproducts, and which satisfies 712^0 = ^^ti. 
Taking adjoints gives that 6*5 7r2,* = tti^^O^. 

For u G L^(G2), we have that 6^{uj) = Tr{u*u). Also, Tr is constructed so that T,,tx2,* = vri,*T!r- 
Thus 

T*(7r2,*(M*a;)) = vfi,* (T,.(-u*u;)) = tti,* = (7r2,*(a;)) {uo E L^(G2)). 

Recall that v = T{1) G A^* is also unitary. Then u = T;{1) = T;7ri(l) = 7r2T(l) = 7^2(^0• A 
simple calculation shows that vTi2,*{^j~') = v^2,*('f^^) for ^ ^ L^{G2)- 

Let fi E A2 and u G L^(G2), so we can find u' G ^-'^(62) with 7r2,*(a;') = -7r2,*(aj)/i. Then 

r*(7r2,*(^))7;(/i) = T*(7r2,*(w')) = ^o(^2,*(^^w')) = 9Q{vn2,*{uj')) = 9Q{v{n2,*{uj)fi)) 
= 6*({vTT2,*{uj)){vfi)) = 6'*(t;7f2,*(w))^o(^^) = T^{Tr2,*iuj))0Q{vn). 

Recall that, from the hypothesis, tti ^.(L^(G2)) is an essential ideal in A*. As T^, bijects 7f2.*(L^(G2)) 
to TTi *(L^(G2)), we see that 

T,(/i) = ifi G a;), 

as claimed. 

The other case, when ^ is a quantum group commutant isomorphism, is entirely analogous. □ 

The previous theorem needs a characterisation of the intrinsic group of A**, for A a quantum 
group above Co(G). The following results show that it is enough to know the intrinsic group of 
L°°(G). 

Lemma 4.6. Let A be a Banach algebra, and let I (1 A be a closed ideal. Let $/ be the character 
space I, and let X be the collection of characters on A which do not restrict to the zero functional 
on I. Then restriction of linear functionals gives a bijection from X to ^j. 

Proof. Let f,gEX induce the same (non-zero) character on /. Pick ao G / with /(ao) = g{ao) = 1. 
Then, for a G A, we see that /(a) = /(a)/(ao) = f{cLao) = gi^aao) = g{a)g{ao) = g{a), using that 
aoo G /. Thus f = g, so the restriction map is injective. 

Now let u G $/, and pick ao G / with u{ao) = 1. Define f E A* by f{a) = u{aao) for each 
a E A. Then, for a,b E A, 

f{ab) = u{abaQ) = u{aQ)u{abaQ) = u{aoabaQ) = u{aoa)u{baQ) = u{aQa)u{aQ) f {b) 
= u{aoaao)fib) = u{ao)u{aao) f (b) = f{a)f(b). 

So / is a character on A. For a E L, also /(a) = u{aao) = u{a)u{ao) = u{a), and so / G X and / 
restricts to u. Thus the restriction map is a bijection. □ 

The following should be compared with |2ll Theorem 1] where Walter shows this in the co- 
commutative case. 

Theorem 4.7. Let (A, A^,7r) be a quantum group above Cq{G). For a character u on A*, the 
following are equivalent: 

1. u is a member of the intrinsic group of A** ; 

2. u is invertible in A** ; 
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3. Tf{u) 7^ 0, that is, u does not induce the zero functional on 7r*(L-'^(G)). 

Moreover, vr : A** — )■ L°°(G) restricts to a bijection between the intrinsic groups of A** and L°°{G). 

Proof. Let Y be the intrinsic group of L°°{G), which by Theorem 13.21 is the character space of 
L^{G). Let Xi be the intrinsic group of A**, let X2 be the collection of invertible characters, and 
let X3 be the collection of characters not sent to zero by tt. If -u G X2 then 1 = 7r(l) = Tt{uu^^) = 
7r(ti)7r('U^^), showing that n{u) 7^ and hence u G X3. Thus Xi C C X3. By the lemma, n 
restricts to a bijection between X^ and Y. 

Let u G X3, so by Theorem 13.21 Aa{u) = u®u. As is a *-homomorphism, also u*u is a 
character. As G L°°(G) is a (non-zero) character, it is unitary, and so 1 = 7r(M)*7r(it) = 'k{u*u). 
Thus u*u G X3, and as vr injects on X3, and 1 G X3, we conclude that u*u = 1. Similarly, uu* = 1. 
Thus li is a member of the intrinsic group of A**, that is, u E Xi. We hence have the required 
equalities Xi = X2 = X3. □ 

In special cases, we can say more. 

Proposition 4.8. The intrinsic group of CuiG)** , respectively Co{G)** , is a subgroup of the unitary 
group of M{Cu{G)), respectively M{C q{G)). 

Proof. Let x G Cu{G)** be a member of the intrinsic group, and set y = 7r{x) G L°°{G). By 
Theorem 13. 2[ we have that y is unitary, and y G M(Co(G)). Thus, in the language of pT| 
Proposition 6.6], y is a unitary corepresentation of Co(G) on C, and so there is xq G M(C„(G)) 
with 7i{xo) = y and A„(xo) = xq ® xq. By uniqueness (from the previous theorem) we must have 
that Xq = X, treating M (C„(G)) as a subalgebra of C„(G)**. 

Now let X G Co(G)** be a member of the intrinsic group. Again, 7r(x) = y G M(Co(G)), so 
let xo be the image of y under the embedding M(Co(G)) — > Co(G)**. Thus xq is a member of the 
intrinsic group of Co(G)** and 7r(xo) = '/^(x), so again by uniqueness, we conclude that xq = x. □ 

4.4 The picture under duality 

We now show that by using the duahty theory of locally compact quantum groups, we can handle 
the more general situation; this also gives results more reminiscent of those for Kac algebras, see 
[HI Section 5.6]. 

Let (A, AajTt) be a quantum group above Co(G). As L^(G) is an essential ideal in A*, each 
member of A* induces a (completely bounded) multiplier (or centraliser) of L^(G). Let us introduce 
the notation that given /i G A*, we have maps L^,R^ : L^(G) — )■ L^(G) with 

7f^L^{uj) = fiTv^iuj), TX^R^{u) = TT^{uj)fi (w G L^(G)). 

Let us denote by Mcb{L^{G)) the algebra of completely bounded multipliers of L^(G). In [H 
Theorem 8.9], a homomorphism A : Mcb{L^{G)) — )■ C^{G) was constructed (and a more general 
construction, with one-sided multipliers, is given in [7]). We hence find a map, which we shall 
continue to denote by A, from A* to C''(G), which is uniquely determined by the properties that 

A(^)A(a;) = X{L^{u)), X{u)A{fi) = A(i?^(a;)) (^ eA*,ue L\G)). 

An important link between multipliers and the antipode is established in |3j. In particular, 
given /i G A*, define an associated left multipher Lj^ by 

= Lf,{u*y so 7r^Ll{u) = (/ztt^w*))* = n*7c^{u), 
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that is, = Lfj_*. (Recall that u* is the normal functional x {x*,uj) so this calculation follows 
immediately from the fact that and vr are *-homomorphisms) . Then [3l Theorem 5.9] shows 
that A(/i*) e D{Sy and A(/i) = ^(A(^*)*). 

For A : L^(G) — )■ Co(G) (which A extends) we can see this directly. Recall (see [m Proposi- 
tion 8.3]) that S{{l ® uj){W)) = (i ® uj){W*). As ly = aW*a, we see that \{u) = (w ® l){W) = 
S{itu®L){W*)) = SiXitu*)*). 

Lemma 4.9. Let u G L°^(G) 6e a member of the intrinsic group. For x G L°°(G), /et 7^(2;) = 
uxu* . Then 7„ ^5 a *- automorphism of L^^IG), which restricts to a *- automorphism of Cq{Q). 
Furthermore, 7„A(a;) = X{uuj) for uj G L}{Q). 

Proof. We have that A(m) = m (g) -u, so W^*(1 'u)Vr = u®u. Using that W and m are unitary, it 
follows that (1 ® u)W{l ® M*) = W{u ® 1). Then, for u G ^^(G), 

7„A(a;) = u{uj ® l){W)u* = [uj ® l) ((1 ® u)W{l ® u*)) = {uj ® l) [W{u ® 1)) = \{uuj), 

as claimed. By density, it follows that is a self- map of Co(G), which clearly has the inverse 7^*. 
As is normal, it follows that 7^ is also an automorphism of L°°(G). □ 

For the construction of 6 in the following, we again refer the reader to Section 14.11 

Theorem 4.10. Fori = 1,2, let Gj be a locally compact quantum groups, and let (y4j, A^^, tTj) be 
a quantum group above Co(Gj). Let T^, : ^2 — )■ be a bijective isometric algebra homomorphism, 
and set T = {T^)* . Then v = T(l) and u = tt2{v) are members of the intrinsic groups of A2* and 
L°°(G2), respectively. Then either: 

1. There is a quantum group isomorphism 9 : L°°(Gi) — > L°°(G2), leading to a quantum group 
isomorphism 9 : L°°(G2) — t- L°°(Gi), with 

A,T, = 9%K2- 

2. There is a quantum group commutant isomorphism 9 : L°°(Gi) — t- L°°(G2), leading to a 
quantum group isomorphism 9 : L°°{G2^) — t- L°°(Gi), with 

AiT, = 9R2S2'%A2. 
In particular, Gi is isomorphic to either G2 or G2. 

Proof. In this more general situation, the proof of Theorem 14.51 and Theorem 14. 7[ still give the 
facts about v and u, and yields 9 such that 

n{n2Au*oo)) = n,49,{uj)) {u G L'iG^)). 

Suppose first that 6* is a quantum group isomorphism. Let 9 : L°°(G2) — )■ L°°(Gi) be the 
quantum group isomorphism induced by 9, which satisfies A16'* = 6'A2. 

Let cu G L-'^(G2) and fi G A^. There is cu' G L^(G2) with fi7r2^*{uj) = tt2^^{uj'). Then 

Ai(r,(/i))Ai(T,(fr2,.(u;))) = Ai(T,(f2,*(c^'))) = Ai(^.(W)) = ^(A2(W)) = ^(7„(A2(a;'))) 

= ^7„(A2(^)A2(u;)) = ^7«A2(/i)Ai(T,(^2,*(c^))), 
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using that, similarly, Ai(T*(7r2,*(a;))) = 9{%{X2{uj))). As the set 

is norm dense in Co(G2), working in M{Cq{G2)), we conclude that 

AiT^fj) = 9%A2ifi) (/i e a;), 

as required. 

In the case when ^ is a quantum group commutant isomorphism, define $ : L°°{G2) 
L°^{G2);x I— 7- Jx*J, and set 9' = ^6 : L°°(Gi) — t- L°°(G2), which is a quantum group isomor- 
phism. As in Section WTLl we find a quantum group isomorphism 9' : L°°((G2)") — > As 
(G^)" = ((G2)°P, this gives a normal ^-isomorphism ^ : L°°(G2) ^ L°°(Gi) with Ai^ = a{9 9) A2. 
Then = Xi9l = Ai^,*,. 

We now calculate X2^~^. Let ^,r],a,(3 G Iv^(G), so 

(A'2$;iK,)a|/3) = (A'2(a;j,,j5)a|/?) = {W^{Jr] ^ a)\JC ^ (3) 

= {{J J)W2{v ^ Ja)\J^ ^ /3) = {W;{^^ jp)\r]^ Ja) 
= {{uj^,r,®i){W;)Jp\Ja) = {J{{u^^r,®L){W;)yja\(3), 

using that W2 = {J ® J)W2{J ® J). With reference to the discussion before Lemma we see 
that 

A'2$;^(w) = R2{itu ^ l){W;)) = 4(A2(w*)*) = i?24"'A2M G Li(G2)). 

In particular, 

Ai^* = 9R2S2 '^X2- 

Finally, we follow the previous argument through. So let uj.uj' G L^(G2) and yU G with 
ljL7r2,*{co) = 7r2,*(c<;'). Then 

Ai(T,(^))Ai(T,(f2,*(^))) = X,{94uu')) = 9R2S2^iuX2{u') = ^i?24"H4A2(/i)A2(a;)) 

= (^^24-'7«A2(/i))Ai(T,(^2,*(a;))), 

using that 11282^ is a homomorphism on D(S'2"^). This completes the proof. □ 
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